In this paper, we study the planar deformations of an elastica inside a circular channel with clearance. One end of the elastica is fully clamped, while the other end is partially clamped in the lateral direction and is subject to a pushing force longitudinally. In the experiment we first observe various deformation patterns after pushing the elastica through the partial clamp. Both symmetric and asymmetric deformations are recorded. Special attention is focused on the contact conditions between the elastica and the circular channel. In order to analyze the elastica deformation theoretically, we first divide the elastica into several elementary sub-domains depending on the contact condition between the elastica and the circular channel. In each sub-domain the elastica is either loaded only at the ends or in full contact with the outer wall. Armed with these basic equilibrium analyses, we proceed to calculate and classify the loaded elastica into several deformation patterns. Finally, we present the load-deflection curves, both theoretically and experimentally, which relate the longitudinal forces at both ends to the elastica length increase inside the channel. The branching phenomena predicted theoretically agree fairly well quantitatively with the experimental measurements.
Introduction
The primary goal of the study on constrained elastica is to understand the behavior of a thin rod or plate under external compression when it is subject to lateral boundary constraint with clearance. This type of analysis can be considered as an extension of the classical elastica theory initiated by Euler and Lagrange over two centuries ago (Love, 1944; Timoshenko and Gere, 1961) . For instance, Domokos et al. (1997) and Holmes et al. (1999) investigated the planar buckling patterns of an elastic hinged-hinged bar constrained inside a straight channel with clearance. Their works were motivated by a need to understand the buckling behavior of polypropylene fibers in a 'stuffer box' manufacturing environment for non-woven fabrics. Plaut et al. (1999 Plaut et al. ( , 2004 studied the deflections and buckling of a bent elastica in contact with a flat surface. Their works found 0020-7683/$ -see front matter Ó 2007 Elsevier Ltd. All rights reserved. doi:10.1016 All rights reserved. doi:10. /j.ijsolstr.2007 application in electronic circuit strip wiring in lap-top computers. Chai (2002 Chai ( , 2006 carried out a combined experimental/analytical work to elucidate the energy absorption potential of laterally confined bars under monotonically increasing edge displacement. Roman and Pocheau (2002) used an elastica model to investigate the post-buckling response of bilaterally constrained thin plates subject to a height reduction. The uniqueness of solutions for constrained elastica was addressed by Pocheau and Roman (2004) .
In the drilling industry, engineers are interested in the buckling of a tube in an inclined wellbore under the action of its own weight and a compressive force at its upper end. The deformation of the constrained tube may be planar (Paslay and Bogy, 1964) or helical (Huang and Pattillo, 2000) . In the case when the wellbore is curved, Wu and Juvkam-Wold (1995) studied the buckling and lockup of the tubes under compressive end force. Kuru et al. (2000) experimentally studied the buckling behavior of pipes and its influence on the axial force transfer in directional wells. The recent development in the research on the buckling of tubes inside wellbores can be found in a review paper by Cunha (2004) . Recently, Chen and Li (2007) studied the deformation of a planar elastica under follower end loads inside a circular channel with clearance. Their work was motivated by the mechanics problem observed in the stent deployment procedure.
In this paper, we extend the analysis in Chen and Li (2007) by studying the deformation patterns of a planar elastica under a conservative pushing force within a circular channel. At one end of the circular channel the elastica is fully clamped. At the other end the lateral displacement and slope of the elastica are fixed, while the elastica is allowed to slide in and out of the clamp in the longitudinal direction. Fig. 1 shows a circular channel with outer and inner radii r o and r i . w is the span angle of the circular channel. An elastic strip, or the planar elastica, is placed inside the channel. One end of the elastica is fully clamped at the left end B of the channel. On the right end A the elastica is partially clamped. By partially clamped we mean that the strip is allowed to slide freely through the clamp, while the lateral displacement and slope at A are fixed. The strip will be under external pushing force at end A. As a result of this pushing force, the strip originally outside the channel will slide through the partial clamp, and the shape of the strip inside the channel will change accordingly.
Problem description
It is noted that in Fig. 1 we only show the elastica inside the channel. We assume that the elastic strip is inextensible and is stress-free when it is straight. The strip is uniform in all mechanical properties along its length. It is assumed that the thickness of the elastic strip is much smaller than the clearance r o À r i of the channel. Before the application of the external pushing force, the elastica is in the form of a circular shape with constant bending moment throughout the entire length, as shown by the circular dashed curve in Fig. 1 . The original length of the elastica inside the circular channel is denoted as l o . The solid curve in Fig. 1 represents the first stage of the elastica deformation when an external force F A is applied to push in the elastica at end A. The total length of the strip inside the channel is increased by Dl. In Fig. 1 is not in contact with the circular walls yet. It is not hard to envision that when the pushing force increases, the elastica will contact the outer radius of the channel first. However, it is not obvious how the elastica will behave thereafter. The purpose of this paper is to study the behavior of the elastica in response to the external pushing force.
Qualitative experimental observations
The easiest way to visualize the elastica deformation is to build an experimental apparatus as described in Section 2 and make observations. The schematic diagram of the experimental set-up is shown in Fig. 2 . We manufactured a circular channel with outer radius r o = 40 cm, inner radius r i = 32 cm, and span angle w = 90°. The channel is manufactured by a CNC milling machine on a polypropylene block. The elastica is made of carbon steel strip (type SK5) with Young's modulus 205 GPa and mass density 7830 kg/m 3 . The cross section of the elastica is 46 mm · 0.1 mm. On the right end of the channel the strip can be pushed in by hand through the small clearance of a pair of flat blocks, which serves as the partial clamp as described in the last section. The left end of the elastica is fully clamped in an aluminum block. We design a guide rail on the bottom of the left clamp, which is attached to a laboratory-built load cell as shown in Fig. 2 . When observing the elastica deformation qualitatively the left clamp is fixed on the guide rail by screws. When measuring the longitudinal reactive force on the left end, the left clamp is allowed to slide on the rail slightly. It is noted that in the experiment we control the length of the strip being pushed in the channel. Therefore, this is a displacement control procedure instead of a load control procedure.
Figs. 3-5 show the photographs of the elastica deformations we observed in the laboratory after fixing the left clamp on the rail. Fig. 3 shows 12 deformation patterns in one of the experiments. In Fig. 3 (1) the elastica is pushed in a length Dl = 2 cm. The middle point of the elastica is lifted up a small distance. This deformation pattern has been demonstrated in Fig. 1 . After the strip is pushed in 4 cm, the elastica makes a point contact with the outer wall, as shown in Fig. 3(2) . When Dl increases to 7 cm, the point contact at the middle point evolves to distributed contact in the middle region, as shown in Fig. 3(3) .
After fixing the end of the strip on the right and poking the strip in the middle by hand, the elastica deformation jumps to Fig. 3(4) . In Fig. 3 (4) the middle point of the elastica floats in the air while the neighboring segments remain in contact with the outer wall. We call the middle section a ''folding'' segment. If we slightly disturb the deformation in Fig. 3(4) , the elastica will return to this deformation. In other words, this equilibrium configuration is ''isolated.'' It is not clear by eyesight whether the neighboring segments are in point contact or in distributed contact with the outer wall. However, our analysis later shows that if the equilibrium configuration is isolated these segments must be in point contact with the outer wall.
We next push up the middle point in Fig. 3(4) by hand, and observe that the elastica deformation evolves to Fig. 3(5) . There are two major differences between Fig. 3 (4) and (5). The first difference is that the middle point in Fig. 3 (5) is higher and the contact regions in the neighboring segments are longer, which suggests distributed contacts. The second difference is that if we disturb deformation 3(5) slightly, the middle folding segment of the elastica can move aside and the deformation becomes asymmetric, as shown in Fig. 3(6) . In other words, multiple equilibrium configurations can coexist for a single Dl. Our analysis later shows that this kind of neu- tral stability characteristics exists only when the neighboring segments are in distributed contact with the outer wall.
If we restart the experiment from Fig. 3 (4) and increase Dl to 8.5 cm, the middle point will contact the inner wall while the neighboring segments remain in contact with the outer wall, as shown in Fig. 3(7) . Again, slight disturbance will not move the elastica away from this deformation pattern. This feature suggests that the elastica touches the outer wall in point contacts. If we increase Dl to 14 cm, the neighboring segments will become distributed contact with the outer wall, while the middle point remains in point contact with the inner wall, as shown in Fig. 3(8) . Similar to the case in Fig. 3(5) , the middle folding segment of the elastica can be moved aside by hand and the deformation becomes asymmetric, as shown in Fig. 3(9) .
When Dl continues to increase to 18 cm the deformation in Fig. 3 (9) evolves to Fig. 3(10) , in which the folding segment is ''slanted.'' The original folding segment in Fig. 3(9) is called ''regular.'' When Dl continues to increase to 22 cm, it is possible to produce the deformations in Fig. 3 (11) (asymmetric) and (12) (symmetric) by pushing and pulling the strip by hand. The difference between Fig. 3(8) and (12) (also between Fig. 3(9) and (11)) is the shape of the folding segment. The folding segments in Fig. 3 (11) and (12) appear to be undergoing a necking process, in which the width near the base on the outer wall becomes smaller. We call this type of folding segment ''X-shaped.'' It is noted that the X-shaped folding segment can stay in any position between Fig. 3(11) and (12). The reason we list the last five deformations from 3(8) to 3(12) is that the external pushing force required to produce these deformations are theoretically the same. In other words, multiple equilibrium configurations coexist with the same pushing force. Fig. 4 shows the photographs of the elastica deformation in another experimental procedure. The elastica remains in deformation 4(0) when Dl = 10 cm. After pulling down the two quarter points of the elastica by hand we can produce the deformation in Fig. 4(1) , in which the elastica is in contact with the outer wall at three points. The two middle points of the two folding segments are floating in the air. When Dl increases to 18 cm, the two folding segments touch the inner wall, as shown in Fig. 4 (2). As Dl increases to 24 cm, the three point contacts on the outer wall evolve to three distributed contacts, as shown in Fig. 4(3) . Again, as long as the contacts on the outer wall become distributed, it is possible to move the distributed contact region by hand to produce asymmetric deformations as shown in Fig. 4 (4) while fixing Dl at 24 cm. As Dl increases to 26 cm, the right folding segment in Fig. 4 (5) becomes slanted, as shown in Fig. 4 (5). If Dl is increased to 28 cm, the deformation could evolve to the shape in Fig. 4 (6) and (7). As Dl increases to 30 cm and 32 cm, the deformation evolves to Fig. 4(8) and (9), respectively. The deformations 4(4)-4(9) are all asymmetric. The main difference among them is the combination of different folding segments, i.e., regular-regular (Fig. 4(4) ), regular-slanted (Fig. 4(5) ), regular-X-shaped (Fig. 4(6) ), slanted-slanted (Fig. 4(7) ), X-shapedslanted (Fig. 4(8) ), X-shaped-X-shaped (Fig. 4(9) ). If we move the right folding segment in Fig. 4(9) by hand to the right we can produce a symmetric deformation pattern as shown in Fig. 4(10) . It is noted that the pushing forces required to produce the eight deformations from 4(3) to 4(10) are theoretically the same. Moreover, the reactive longitudinal forces on the left clamps are equal to their counterparts on the right. Fig. 5 shows another experimental procedure starting from deformation in Fig. 5 (0) at Dl = 9 cm. At this Dl the elastica deformation can be changed to Fig. 5 (1) by pushing down the right hand side of the strip by hand. This action changes the curvature of the strip near the end on the right, which results in an asymmetric deformation. If we continue to increase Dl to 12 cm and push down the left hand side of the strip by hand, the elastica deformation becomes symmetric again as shown in Fig. 5 (2). If we push back the left segment in Fig. 5 (2) and return the elastica to the shape in Fig. 5 (1) and continue to increase Dl to 15 cm, the deformation evolves to Fig. 5(3) . We then push down the left hand side of the elastica in Fig. 5(3) and increase Dl to 17 cm to produce the deformation in Fig. 5(4) . The main difference between Fig. 5 (1) and (3) (and also between Fig. 5(2) and (4)) is that the folding segment on the right end becomes X-shaped. As Dl increases to 22 cm, the elastica deformation becomes symmetric again, as shown in Fig. 5 (5). It is noted that the pushing forces on the right required to produce the deformations in Fig. 5 (1)-(5) are theoretically the same. However, the reactive longitudinal force on the left clamp can be theoretically different from the external pushing forces on the right. This fact is different from the other asymmetric deformations presented in Figs. 3(9)-(11) and 4(4)- (9).
If we restart the experiment in Fig. 5 (3) and push down the middle section of the strip we can produce the deformation as shown in Fig. 5(6) , which is asymmetric with two point contacts on the inner wall and two distributed contacts on the outer wall. When Dl increases to 20 cm the elastica deformation evolves to (8) and (9)-(11). The left folding segments of each pair remain unchanged while one of the right folding segments undergoes necking process. Second, the pushing forces required to produce these six deformations are theoretically the same. The reactive longitudinal forces on the left clamp for these six deformations are also theoretically the same. However, these left longitudinal forces are different from the external pushing forces on the right.
Several observations in Figs. 3-5 may be summarized before we leave this section.
(1) First of all these photos show some possible deformation patterns produced in the laboratory by controlling the strip length increment inside the channel for a specific geometry, i.e., r o = 40 cm, r i = 32 cm, and w = 90°. We have no intention to claim that these deformations are complete. It is certainly possible to produce even more complicated deformation patterns involving more than two folding segments with larger Dl. (2) While the boundary conditions at both ends are the same, the deformations can be symmetric with respect to the central radius or completely asymmetric. (3) For the case when the contacts on the outer wall are distributed the folding segments of the elastica can be moved at will within certain range. As a consequence the deformation may become asymmetric. For instance, see Fig. 3 (5) and (6). On the other hand, if the elastica is in point contact with the outer wall, the equilibrium configuration appears to be isolated. In other words, the elastica returns to the symmetric deformation following slight disturbance. For instance, see Fig. 3(4) . (4) In some cases for fixed Dl, there exist multiple isolated equilibrium positions. In order to change the deformation from one configuration to the other, pushing or pulling the elastic strip inside the channel is required.
Equilibrium equations of sub-domains
One of the major interests of this paper is to analyze the elastica deformations as observed in Section 3. Once the elastica is in contact with the circular walls, the analysis of the shape of the elastica must be con-ducted in a piece-wise manner. In other words, the domain of the elastica is divided into sub-domains. In each sub-domain the elastica is either loaded only at the ends or the whole sub-domain is in full contact with the channel walls. There are six different types of sub-domains which can be observed when a clamped-clamped elastic strip is placed inside a circular channel with clearance. The difference between these six sub-domains lies in their boundary conditions or the contact conditions, as listed in Table 1 . Similar sub-domain analysis was first proposed by Domokos et al. (1997) for a hinged-hinged bar constrained in straight walls. In the following we discuss how these boundary conditions or contact conditions affect the equilibrium equations.
Clamped-clamped sub-domain
Clamped-clamped sub-domain (listed as case (a) in Table 1 ) occurs only when the whole elastica is a subdomain, as shown in Fig. 1 . The strip is in the form of a circular shape before the external longitudinal force F A is applied. When F A increases from zero, the middle point of the strip will be elevated. The deformation is symmetric with respect to the central radius, as observed experimentally in Fig. 3(1) .
First of all we establish an xy-coordinate system with the origin at point A. The moment equation at any point (x, y) of the deformed strip can be written as
Q A and M A are the shear force and bending moment provided by the partial clamp at A. h is the rotation angle of a small element of the strip at point (x, y). EI is the flexural rigidity of the elastic strip. s is the length of the 
Eq. (2) represent the non-dimensionalization schemes for all lengths, forces, and moments in this paper. The dimensionless radii of the outer and inner walls are r * = 1 and r
, respectively. Similarly, we may introduce the dimensionless distributed force (per unit length) q * , which will be used later, as
After substituting relations Eq. (2) into Eq. (1), and dropping all the superposed asterisks thereafter for simplicity, we obtain the dimensionless equilibrium equation
After differentiating Eq. (4) with respect to s and noting the relations dy ds
We multiply Eq. (5) by dh and integrate to obtain
D A is an integration constant. From Eq. (6) we can write
where, U A is defined as
From Eq. (7) we obtain
The choice of ''±'' sign in Eqs. (7), (9), and (10) depends on the curvature of the deflection curve. If the curvature is positive, then ''+'' sign should be chosen, and vice versa. It is noted that
. Therefore, we can calculate from Eq. (6) that
Whether M A is positive or negative depends on the curvature at point A. Since the shear force at the middle point is zero, we have
In most of the cases the deflection curve shows an inflection point N 1 , at which the rotation angle is defined as h N 1 . The curvature at the inflection point N 1 is zero. Therefore, D A can be written from Eq. (6) as
For this case Eqs. (6) and (8) can be written as
After integrating Eq. (9) from h ¼ w 2 to 0, we obtain the x-coordinate of the middle point C of the elastica as
Similarly, the y-coordinate of point C can be calculated from Eq. (10) as
e is the middle-point elevation of the strip measured upward from the median radius (1 + g)/2. When the pushing force is small, the deflection curve has no inflection point. In such a case the right hand sides of Eqs. (16) and (17) are simplified to single integrals from h ¼ w 2 to 0. For the problem at hand, geometric parameters g and w, as well as the external compression F A , are specified. There are five unknowns to be solved in this problem; they are Q A , M A , D A , h N 1 , and e. First of all, Q A can be calculated from Eq. (12) directly. After substituting Q A into Eq. (16) we can solve for h N 1 . After obtaining Q A and h N 1 , Eq. (13) can be used to determine D A . Finally, M A and e can be calculated separately from Eqs. (11) and (17).
The shape of the elastica can be obtained by calculating the (x, y) coordinates of the deformed strip as follows: We start at point A at which the rotation angle / of the deflection curve is w 2 . Before the rotation angle reaches h N 1 we use the formulas,
After the rotation angle of the deflection curve passes h N 1 , the formulas in Eq. (18) must be replaced by Eq.
,
After determining the shape, the dimensionless total length l of the elastica inside the channel from point A to B can be calculated as
The length Dl being pushed in the channel is Dl = l À l 0 . The deformation pattern as described in this section and as observed in Fig. 3 (1) is called deformation pattern 1 in this paper. In this sub-section, we describe in detail the calculation procedure adopted in analyzing the elastica deformation. In other sub-domains as to be discussed later, we skip the detailed calculations and list only the main characteristics pertaining to the associated boundary conditions.
Clamped-contact sub-domains
Near the clamped end A, the elastica may contact the outer wall or the inner wall. Fig. 6 shows two possible scenarios; the elastica may contact the outer wall r = 1 at point H, or the elastica may contact the inner wall r = g at point J. The locations of point H and J may be denoted by the angles as measured from the central radius, respectively. The superscripts ''+'' and ''À'' signify that the contact points are on the outer and inner walls, respectively. These two sub-domains are listed as cases (b) and (c) in Table 1 .
In the case when the elastica is in point contact with the walls, the bending moments at points H and J are denoted as M H and M J , respectively. For point H we have dh ds
After substituting Eq. (21) into Eq. (6), we can obtain the following relation
In the case when the contact becomes distributed, M H = À1 and the integration constant D A can be calculated as
For point contact, Eq. (14) can also be modified to
In the case when the contact becomes distributed, the shear force Q A can be calculated as
If the contact occurs at point J on the inner wall, Eqs. (21) and (25) remain the same except that subscript ''H'' is replaced by ''J,'' and the superscript ''+'' is replaced by ''À.'' The equations formulated in this subsection can be used to determine the deflection curves involving clamped-contact sub-domain, such as in Fig. 3 (2) and (3).
Contact-contact sub-domains
There are two types of contact-contact sub-domains. The first case is when both the contact points are on the outer wall, as shown by points H and I in Fig. 7(a) . The second case is when the sub-domain contacts the outer wall at one end and contacts the inner wall at the other end, as shown by points H and J in Fig. 7(a) . The locations of points H, I, and J are signified by angles . These two scenarios are listed as cases (d) and (e) in Table 1 . In our experiment, we never encounter the case when both the contact points are on the inner wall. Therefore, this scenario is omitted in this paper. Fig. 7(b) shows the free body diagrams of these two sub-domains. We establish an xy-coordinate system with origin at point H. P H , M H , and Q H(l) are the longitudinal force, bending moment and shear force at point H. The subscript ''l'' in Q H(l) is to emphasize that the shear force is at a location slightly to the left of the contact point H. The rotation angle h at H is equal to 
where,
After substituting the condition dh ds In the special case when M H = À1 for distributed contact, D H can be calculated as
The analysis for case (e) in Table 1 is similar. The equations formulated in this sub-section can be used to determine the deflection curves involving contact-contact sub-domain, such as in Fig. 3(4) - (12).
Distributed contact sub-domain
In some cases the elastica is in full contact with the outer radius over a finite segment, as listed in Table 1 (f). We choose an arbitrary element HI from the fully contact segment and show the free-body diagram in Fig. 8 . It can be shown that the distributed force q is a constant and is equal to P H . First of all the moment balance equation about point I can be written as
After integration, Eq. (31) can be simplified to q = P H . This sub-domain can be found in some experimental observations, such as in Fig. 3(3) , (5)- (6), and (8)-(12).
Deformation patterns
Each deformation described in the experimental observations in Section 3 can be divided into sub-domains as listed in Section 4 and solved theoretically. In the following, we first divide the deformation patterns into symmetric and asymmetric deformations. The calculations of some of these deformation patterns are straightforward, such as the deformation pattern 1 as explained in Section 4.1. Some of these deformation patterns are more complicated and require solving up to six coupled non-linear equations simultaneously. We refer the interested readers to the thesis of the first author for more details (Lu, 2007) . In this paper we describe the features of these deformation patterns.
Symmetric deformation patterns
When the elastic strip is placed inside the circular channel and is under pushing force, the elastica deformation may be symmetric or asymmetric with respect to the central radius. In this section we first consider the symmetric deformation, which is more intuitive than the asymmetric one. In the following we divide the symmetric deformation patterns into four categories. Each category consists of several deformation patterns with similar characteristics. For symmetric deformations we only need to study one half of the elastica.
Deformation pattern 1-3
There are three deformation patterns in this category, as listed in Table 2 . In the Table we also list the unknowns to be solved, the sub-domains involved, and the corresponding figure number of the experimental observation discussed in Section 3. Deformation pattern 1 is the first stage of the deformation and the detailed calculation has been discussed in Section 4.1. As external pushing force increases, the middle point will touch the outer wall, as shown in deformation pattern 2. The elastica is subject to a concentrated force at middle point C. As external force continues to increase, the point contact in the middle will become distributed contact over a finite region, as shown in deformation pattern 3. Beside the constant distributed force q over the contact region, the elastica is subject to an additional concentrated force R þ H at point H. It is noted that the deflection curves presented in the Table are derived from numerical calculation with the pushing force F A being specified as 3, 5, and 20, respectively.
Deformation pattern 4-7
Deformation pattern 3 as described above may branch into another series of deformation patterns in which the middle section of the elastica breaks away from the outer wall. These deformations are grouped in Table 3 . In deformation pattern 4, the middle point of the elastica breaks away from the outer wall while the neighboring segments, such as segment IH, remain in distributed contact with the outer wall. The elastica is subject to a constant distributed force q. At the boundary of the contact region the elastica is subject to point forces R þ H and R þ I . The pushing force F A needed to produce this deformation is 200. In deformation pattern 5 distributed contact segments reduce to point contact while the middle point of the elastica remains floating in the air. The pushing force F A needed to produce this deformation is 100. With the same F A the elastica may exhibit another deformation in which the middle point of the elastica 
touches the inner wall while the neighboring segments remains point contact with the outer wall. This is deformation pattern 6. As F A increases, the point contacts on the outer wall in deformation pattern 6 become distributed. This is denoted as deformation pattern 7. However, it is found that for the same F A = 200, we can solve for two different but similar deformation configurations. We denote them as patterns 7a and 7b, which involve regular and X-shaped folding segments, respectively. It is clear from this Table that multiple equilibrium configurations are very common in constrained elastica. For instance, when F A = 200 the elastica may exhibit deformation patterns 4, 7a, and 7b.
Deformation pattern 8-11
There are four deformation patterns in Table 4 , which have three contacts on the outer wall. In deformation pattern 8 the elastica is in distributed contact with the outer wall in regions HI and KC. h N 1 is the rotation angle of the inflection point in segment AH. h N 2 , and h N 3 are the two inflection points in segment IK. The pushing force producing the deflection curve plotted in the table is F A = 400. It is noted that we are unable to produce this deformation pattern in our experiment. The two folding segments appear to have a tendency to snap back to the outer wall. 
Pattern 4 Q
In deformation pattern 9 the distributed contacts on the outer wall are reduced to point contacts when F A decreases to 200. With the same F A , the elastica can be in deformation pattern 10, which is similar to deformation 9 except that the elastica is in point contact with the inner wall at point J. Deformation pattern 11 is similar to deformation pattern 10, except that the point contacts on the outer wall become distributed contacts. In the Table we show that for the same F A = 250, there exist two similar but slightly different configurations, denoted as 11a (regular folding segments) and 11b (X-shaped folding segments).
Deformation pattern 12
Deformation pattern 12, as listed in Table 5 , is unique in the sense that the curvatures of the deflection curve near the clamped ends are negative. The elastica is in distributed contact with the outer wall in the middle segment, while it is in point contact with the inner wall near the ends. It is noted that for the same pushing force F A = 200 there exist two symmetric deformation patterns, denoted as 12a (regular) and 12b (X-shaped). Asymmetric deformations may occur even if the boundary conditions at both ends of the elastica are symmetric. A special type of asymmetric deformation can be considered as a variation of some of the symmetric deformations discussed in Section 5.1. One common feature of these symmetric deformations is that they all possess more than two segments of distributed contact on the outer wall; for instance, deformation patterns 4, 7, 8, and 11. We use the superposed prime to distinguish these asymmetric deformations from their symmetric counterparts. Table 6 lists the deformation patterns 4 0 and 7 0 . Table 7 lists   Table 6 Deformation patterns 4 0 and 7
Pattern 8
3 (10) 3(11) Pattern 12
5 (5) the deformation patterns 8 0 and 11 0 . Similar to deformation pattern 8, we are unable to produce deformation patterns 8 0 in the experiment. Since the calculation methods involved in these asymmetric deformations are basically the same as those used in their symmetric counterparts, the unknowns to be solved are omitted in these Tables.
The reason why these asymmetric deformations coexist with their symmetric counterparts for exactly the same pushing force can be explained with a specific example, for instance, deformation patterns 4 0 as shown in Fig. 9 . It is noted that the location of the first contact point H from clamp A is determined once the pushing force F A is specified. This statement is valid only when the contact near point H is distributed (Lu, 2007) . However, the location of the point I, the other boundary point of the distributed contact region, can be determined only when the equilibrium and the geometric condition on segment CI is considered at the same time. In the calculation, if we specify that the point C of the middle folding segment lies on the central radius, we will obtain the symmetric deformation 4 as before. However, if we relax this symmetric condition and allow the middle point of the folding segment to be away from the central radius, such as at position C 0 in Fig. 9 , then the equilibrium condition as well as this new geometric condition can still be satisfied with a different location of point I, denoted now as I 0 . As to the left half of the elastica, since the pushing force on the left end is the same as the one on the right end, the location of the first contact point from the left will be symmetric with respect to the one on the right. However, the contact region on the left will be of different size. As a consequence, the elastica deformation exhibits asymmetric pattern 4 0 . The location of the middle point C of the folding segment can be in any place within the range 0 < 1 2 are angles of point H and I in symmetric deformation pattern 4. In other words, in the solution procedure, if we specify w C 0 ¼ 0, we will obtain deformation pattern 4. On the other hand, if we specify a non-zero w C 0 within the range, we will obtain asymmetric deformation pattern 4 0 with the same equations. The pushing force F A producing the deflection curve in Fig. 9 is 200 .
The same argument applies to the calculations of variations 7 0 , 8 0 and, 11 0 , with more complexities. Table 6 shows three different types of asymmetric deformation 7 0 for the pushing force F A = 200. Deformation patterns 7 0 a and 7 0 c are the variations of 7a and 7b in Table 3 . Besides these two variations there is one additional asymmetric deformation 7 0 b, which has a slanted folding segment. The dashed curves in 7 0 b and 7 0 c show the left extreme position of the folding segments, while the solid curves represent the right extreme positions of the folding segment. The folding segments of the asymmetric equilibrium configuration can be in any place within the range of the dashed and solid curves.
Similar situations occur for asymmetric deformations 8 0 and 11 0 , as shown in Table 7 . The relations between the six variations of 11 0 can be explained as follows. The left folding segments of 11 0 a, 11 0 b, and 11 0 c are of the regular type. However, the right folding segments may be regular (11 0 a), slanted (11 0 b), and X-shaped (11 0 c). The last three deformations are the other possible combinations of the folding segments, i.e., slanted-slanted (11 0 d), X-shaped-slanted (11 0 e), and X-shape-X-shaped (11 0 f). All these six variations can be observed in the experiment. Again the dashed curves represent the right extreme positions of the right folding segments of these asymmetric equilibrium configurations when the left folding segments are fixed to the extreme left positions. Similarly, the left folding segments can be moved freely within certain ranges which are not shown in the Table. It is noted that deformations 11 0 a and 11 0 f are the asymmetric variations of 11a and 11b, respectively. If the left folding segments of these two configurations are moved in the same manner as their right counterparts but in the opposite direction, the resulted variation will be again symmetric with respect to the central radius. Therefore, the symmetric deformations 11a and 11b in Table 4 can have infinite number of symmetric variations. Similarly, deformation 8 in Table 4 can also have infinite number of symmetric variations by moving the right and left folding segments symmetrically.
Deformation pattern 12 0
The symmetric deformation 12 as listed in Table 5 also has asymmetric variation. It is noted that deformation 12 has only one segment of distributed contact on the outer wall. For F A = 200, there exist two different symmetric deformations configurations 12a and 12b. The asymmetric variation 12 0 involves the combination of these two symmetric configurations, as shown in Table 8 .
Deformation pattern 3 + 12
The asymmetric deformations 4 0 , 7 0 , 8 0 , 11 0 , and 12 0 discussed above have identical pushing forces on both ends. Another kind of asymmetric deformation involving the combination of deformation patterns 3 and 12, denoted as 3 + 12 in this paper. For this type of asymmetric deformation the pushing forces on the two ends are different. The common feature of deformation patterns 3 and 12 is that they both have a distributed contact segment in the middle. If we start with deformation pattern 3 on the left, the location of the boundary point I of the distributed contact region depends only on the pushing force F B on the left end. This deformation pattern 3 on the left may coexist with a deformation pattern 12 on the right with an opposite curvature near the end A. Again, the deformation on the right depends only on the pushing force F A . However, the common contact segment in the middle requires that the longitudinal forces at point H and I be identical. This condition gives us the relation between F A and F B . Since there exist two different deformation patterns 12 for the same pushing force F A , there exist two different combinations in Table 9 , denoted as 3 + 12a and 3 + 12b, respectively.
Deformation pattern 11 + 12
Another kind of asymmetric deformation involves the combination of deformation patterns 11 and 12, as shown in Table 10 . For the same pushing force, there exist three different deformations 11 and two different deformations 12. Therefore, there are six combinations of 11 + 12 as listed in Table 10 . All of these six deformation patterns can be realized in the experiment as discussed in Fig. 5 . 
6. Load-deflection relations
Theoretical predictions
In this sub-section we present the theoretical relation between the longitudinal forces at both ends (F A and F B ) and the elastica length increment Dl inside the channel. In Figs. 10 and 11 , the longitudinal force F B at the left end is equal to the external pushing force F A . In Fig. 12 , however, F B will be in general different from F A , and we show only the relation between F B and Dl. These predictions will be compared to experimental measurements in the next sub-section.
In Fig. 10 we first show the loading procedure starting from pattern 1-3, in which F A increases almost exponentially as Dl increases. On the load-deflection curves we use black dots to signify the boundary of various deformation patterns. The load-deflection curve corresponding to deformation patterns 1-2-3 can go beyond the range of the figure. However, we observe another branch of load-deflection curve corresponding to deformation patterns 4, 4 0 -5-6-7a, 7 0 a. At Dl = 0.46, the load-deflection curve branches into two curves corresponding to deformation patterns 7 0 b and 7b, 7 0 c, respectively. It is noted that the deformation patterns 4 and 4 0 coexist for the same F A and Dl, so do 7a and 7 0 a, and 7b and 7 0 c. It is noted that curve 1-2-3 does not intersect curve 4, 4 0 -5-6-7a, 7 0 a. Therefore, there will be no buckling from deformation 3-4. This is unlike the case with straight channel in which the load-deflection curves are continuous (Domokos et al., 1997) . For fixed Dl, say, 0.16, there may coexist four deformation patterns, i.e., 3, 4, 4 0 , and 5. In order for the elastica deformation to jump from 3 to 4, for instance, pulling and pushing action on the interior of the elastica by hand is needed in the experiment. On the other hand, if we fix the pushing force F A , say at 200, there may coexist 8 deformation patterns, i.e., 3, 4, 4 0 , 7a, 7b, 7 0 a, 7 0 b, and 7 0 c. In Fig. 11 we show the load-deflection curve corresponding to deformations 8, 8 0 -9-10. Although this curve is very close to the curve 1-2-3, they do not intersect either. The load-deflection curve corresponding to deformation 10 evolves to patterns 11a and 11 0 a, which is one of the five branches merging at Dl = 0.71. The other four branches are 11 0 b, 11 0 c and 11 0 d, 11 0 e, and 11b and 11 0 f. It is emphasized that deformation 11a coexists with 11 0 a, 11 0 c coexists with 11 0 d, and 11b coexists with 11 0 f. The branching behavior of the load-deflection curve in Fig. 11 is similar to the one observed in Fig. 10 . The main difference between Figs. 10 and 11 is that deformations in Fig. 10 have one folding segment, while the deformations in Fig. 11 have two folding segments. Fig. 12 shows more load-deflection curves corresponding to other asymmetric deformations. Beside the deformations 1-2-3, there are three families of deformations in Fig. 12 . The first family consists of two branches corresponding to deformations 3 + 12a and 3 + 12b. The second family to the right consists of 3 branches corresponding to deformations 12a, 12 0 , and 12b. The third family consists of six branches corresponding to the six deformations 11 + 12a, 11 + 12b, 11 + 12c, 11 + 12d, 11 + 12e, and 11 + 12f. It is emphasized that the longitudinal forces F B in these deformation patterns are different from the external pushing forces F A . The relation between F A and Dl is very similar to the one in Fig. 12 , with only slight difference (almost indistinguishable) in force magnitudes (Lu, 2007) .
Experimental measurements
In order to verify the theoretical predictions presented in the previous sub-section, we measured the longitudinal reactive force F B at the left end with a load cell. The measured relations between F B and Dl are plotted with cross mark · in Figs. 10-12. The cross marks are connected by dotted lines in order to compare with the theoretical predictions. For convenient reference, we present the measured results with both dimensionless parameters (left and bottom sides) and the physical ones (right and top sides).
We first examine the experimental data in Fig. 10 . For the deformation pattern 1-3 in Fig. 10 (also in Figs. 11 and 12), the measured F B are generally smaller than the theoretical predictions. This is mainly due to the friction effect in the contact region. This is especially true in deformation pattern 3, which involves extensive distributed contact. In this paper we do not consider friction in the theoretical formulation.
The range of Dl (approximately from 8 to 9.5 cm) for deformation pattern 4 in Fig. 10 is small. In addition, this deformation pattern also involves distributed contact like deformation pattern 3. As a consequence the measured F B in deformation pattern 4 are also smaller than the theoretical prediction. Deformation patterns 5 and 6 in Fig. 10 involve only point contact. As a consequence, the friction effect is less significant and the agreement between experiment and theory improves. The agreement between theory and experiment in deformation pattern 7a is surprisingly good. However, the agreement in deformation pattern 7b deteriorates again. The range of Dl for deformation pattern 7 0 b is too small, which prevents us from making reliable force measurement.
In Fig. 11 we are unable to produce deformation pattern 8. In both deformation patterns 9 and 10, the measured F B are generally larger than theory. However, when the deformation evolves to pattern 11 (branches a and b), the measured F B become smaller than the theoretical ones. The measurements on the other three branches of deformation pattern 11 are not recorded because reliable force readings are difficult to obtain due to the large friction force involved in the experiment.
In Fig. 12 the agreement between theory and experiment in deformation patterns 3 + 12 (branches a and b) and 11 + 12 (branches a and f) are generally satisfactory. However, in deformation pattern 12 (branches a and b) the measured F B are significantly larger than the theoretical ones. Generally speaking, in spite of the measurement error, the general trends of the theoretical and experimental load-deflection curves agree fairly well in Figs. 10-12.
Discussions and conclusions
In this paper, we study the planar deformations of an elastica inside a circular channel with clearance. One end of the elastica is fully clamped, while the other end is partially clamped in the lateral direction and is sub-ject to a pushing force in the longitudinal direction. Theoretical prediction of the deformation patterns are compared with experimental results both qualitatively and quantitatively. Several discussions and conclusions can be summarized as follows.
(1) Both symmetric and asymmetric deformations are possible theoretically and observable in the laboratory although the boundary conditions are always symmetric. This is also the case in the experiment of Domokos et al. (1997) with straight channel. This is probably because displacement control is adopted in both experiments. Whether asymmetric deformation is still possible in a load control experiment remains a topic of future research. In order to answer this question, a rigorous study on the stability of constrained elastica is needed. (2) If one end of the elastica is pushed into the channel quasi-statically, no buckling will occur. In order for the elastica to jump from deformation 3 (elastica pushed against the wall) to 4 (elastica off the wall), pulling the interior of the elastica is required. In the case of a straight channel, on the other hand, deformation 3 will bifurcate to deformation 4 automatically when the elastica is pushed in. This phenomenon is a symmetrical pitchfork bifurcation with the branch corresponding to deformation 3 being cut off by another branch corresponding to deformation 4 due to the straight wall. In circular channel the curvature of the wall appears as an imperfection and the pitchfork disintegrates into a continuous branch (elastica pushed against the wall) and a disconnected branch (elastica off the wall). (3) We observe that in the case when the deformation patterns involve point contacts on the outer wall, the equilibrium configurations are isolated. On the other hand, if the deformation patterns involve distributed contacts on the outer wall, it is possible to move the folding segments freely within certain range. This phenomenon permits the existence of the asymmetric variation of a symmetric deformation. Holmes et al. (1999) also reported similar results in their experiment with straight channel.
